Abstract The purpose of this paper is to compare the solutions of one-dimensional boundary value problems corresponding to classical, fractional and nonlocal diffusion on bounded domains. The latter two diffusions are viable alternatives for anomalous diffusion, when Fick's first law is an inaccurate model. In the case of nonlocal diffusion, a generalization of Fick's first law in terms of a nonlocal flux is demonstrated to hold. A relationship between nonlocal and fractional diffusion is also reviewed, where the order of the fractional Laplacian can lie in the interval (0, 2]. The contribution of this paper is to present boundary value problems for nonlocal diffusion including a variational formulation that leads to a conforming finite element method using piecewise discontinuous shape functions. The nonlocal Dirichlet and Neumann boundary conditions used represent generalizations of the classical boundary conditions. Several examples are given where the effect of nonlocality is studied. The relationship between nonlocal and fractional diffusion explains that the numerical solution of boundary value problems, where the order of the fractional Laplacian can lie in the interval (0, 2], is possible.
Introduction
The one-dimensional form of Fick's second law w t = cwxx, c > 0, (1.1) postulates the diffusion in time undergone by the scalar field w representing the particle density. An alternate model for diffusion is of interest when the underlying assumption of classical mass balance and Fick's first law, e.g.,
respectively, are questionable. See, for instance, the papers [4, 13] for discussions and citations to the literature. One alternative is the anomalous diffusion model given by the fractional diffusion equation represents a multiscale model for diffusion; see [18] . The fractional diffusion (1.2) for α ∈ (1, 2] arises via a generalization of Fick's first law using a fractional derivative operator; see [15] . Fractional gradient and divergence operators are discussed in [12] and the fractional Laplacian can be obtained through composition of these operators. The paper [7] demonstrates that the asymptotic behavior for a solution of (1.2) is given by the solution of the integrodifferential equation u t (x, t) = R u(y, t) − u(x, t) φ(y − x) dy, t ≥ 0, (1.4) where φ is a symmetric probability density, i.e., φ(y − x) = φ(x − y), φ ≥ 0, and R φ(s) ds = 1. The integral operator on the right-hand side of (1.4) represents nonlocal diffusion because the rate of diffusion associated with u(x, t) depends upon points y = x. The rate of diffusion is the difference in the rate at which u enters x at time t, or R u(y, t) φ(y − x) dy, and the rate at which u departs x at time t, or u(x, t). This suggests that the asymptotic behavior for a solution of a boundary value problem corresponding to the nonlocal equation (1.4) is also fractional, and indeed, selecting φ as a Lévy stable density, demonstrates this relationship. The nonlocal equation (1.4) also represents a model for peridynamic heat conduction [6] . The purpose of this paper is to compare the solutions of the initial value boundary value problems corresponding to (1.1) and (1.4) using a conforming finite element method on several nonlocal diffusion problems. The boundary value problems augment (1.4) with nonlocal Dirichlet and Neumann boundary conditions, i.e., due to nonlocal interactions, boundary conditions are posed on a nonzero volume along the boundary. The finite element method for (1.4) depends upon the variational formulation presented in [9] . The relationship between nonlocal and fractional diffusion explains that the numerical solution of boundary value problems, where the order of the fractional Laplacian lies in the interval (0, 2], is possible; for example, the recent paper [17] only considers the order 1 < α ≤ 2. Convergence and stability analysis of a finite difference method for (1.4) are investigated in [5, 16] . The former paper investigates (1.4) on the real line, while the analysis in the latter paper considers the nonlocal p-Laplacian diffusion equation with nonlocal Neumann boundary conditions and compactly supported φ.
The paper is organized as follows. Section 2 discusses relationships among classical, fractional and nonlocal diffusion. In particular, the nonlocal diffusion equation (1.4) leads to a generalization of Fick's first and second laws, and a relationship between nonlocal and fractional diffusion is reviewed. Section 3 reviews nonlocal boundary value problems and their variational counterparts. The nonlocal boundary conditions given generalize the notion of Dirichlet and Neumann boundary conditions. The finite element formulation, properties of nonlocal diffusion, and three numerical examples are given in Section 4.
Nonlocal flux, Fick's first law, and fractional diffusion
A relationship is now established between the classical and nonlocal diffusion equations (1.1) and (1.4), respectively, by examining the nonlocal flux implied by the latter equation and Fick's first law. The key to this relationship are the two lemmas given in [11, 14] due to Noll. The first lemma provides a formula for a flux,
and, since φ(z) = φ(−z), u t = −px.
The hypothesis for the application of the lemma is the antisymmetry of the integrand of (1.4). The second lemma grants, with a < b, that
a statement that there is no diffusion exchange within (a, b). Evidently, the nonlocal diffusion equation (1.4) has replaced the classical flux q = −cux with the nonlocal flux p. The flux p is nonlocal because points z = x are involved, in contrast to the classical, local, flux that would only require the point x at time t, or ux(x, t). Therefore,
In words, the time rate of change of diffusion over the interval (a, b) is not only equal to the flux p into (a, b) at points b and a, but also the rate at which u diffuses from outside of (a, b) into (a, b) at time t.
We now demonstrate how the nonlocal flux p (2.1) can be approximated by ux. Let ε > 0, define the radial symmetric density φε by
given the symmetric density φ. 1 A formal expansion implies that
Under the assumption that the above expansion is valid, and ε is sufficiently small, classical mass balance and Fick's first law is generalized to u t = −px,
Note that the nonlocal diffusion equation (1.4) does not explicitly require continuity, let alone differentiability, of u, in contrast to the two derivatives of w needed for the classical diffusion equation (1.1). The effect of the density φε as ε decreases is to "localize" the diffusion of (1.4). Indeed, defining
3) where δ(·) denotes the Dirac delta distribution, or generalized function, implies, along with integration by parts, that
The assumption on the density φ implies that the odd moments must be zero.
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when u(x, ·) and ux(x, ·) decay sufficiently fast to zero at ±∞.
A relationship between fractional (1.2) and nonlocal diffusion (1.4) is now reviewed. The Fourier transform of
The authors of [7] assume that as ξ → 0
with 0 < α ≤ 2, where o (|ξ| α ) → 0 faster than ξ. In particular, because
where ψ is given by (2.3), the assumption (2.5) recovers the classical diffusion equation when α = 2 and a = c. When 0 < α ≤ 2, then (2.4) and (2.5) give
and application of the inverse Fourier transform with (1.3) grants
In words, the assumptions (2.5) demonstrate that nonlocal diffusion is approximately that given by the fractional diffusion (1.2) as ξ → 0. See Theorem 1 in [7] for further information. A specific case demonstrating this relationship between fractional and nonlocal diffusion is drawn by appealing to the theory of Lévy stable processes. For instance, a Lévy stable density φ with stability index satisfies (2.5). The nonlocal diffusion equation therefore represents a model for anomalous diffusion.
Nonlocal boundary value problems
The previous section discussed relationships among classical, fractional, and nonlocal diffusion equations in absence of boundary conditions. While boundary conditions are well-understood for classical diffusion, the same cannot be said for fractional and nonlocal diffusion. For instance, the paper [8] establishes an abstract variational formulation for the fractional advection dispersion equation with homogeneous Dirichlet boundary conditions in terms of fractional derivatives. The results of [8] immediately apply to the fractional Laplacian equation with homogeneous Dirichlet boundary conditions, however, only the case 1 < α ≤ 2 for the order of the fractional Laplacian is considered. We now present classical and variational formulations for the nonlocal diffusion boundary value problem on a bounded interval where 0 < α ≤ 2. The paper [7] also presents formulations for the nonlocal diffusion equation with appropriate, e.g., nonlocal homogeneous Dirichlet or Neumann boundary conditions. We study the time evolution of a field u on a bounded domain Ω, thus x ∈ Ω. Note that (1.4) can be rewritten as
The homogeneous nonlocal Dirichlet boundary condition constrains the field u via
while, for the homogeneous nonlocal Neumann boundary condition,
which is a statement that the rate of diffusion exchange between Ω and R \ Ω is zero. The analysis given at the end of Section 2 then implies that an approximation to the fractional Laplacian equation with either homogeneous Dirichlet or Neumann boundary conditions with 0 < α ≤ 2 is available.
Our numerical experiments consider Ω = (0, 1) and both the nonlocal homogeneous Dirichlet boundary value problem, where (3.1) and (3.2a) combine to give
and the nonlocal homogeneous Neumann boundary value problem, where (3.1) and (3.2b) combine to give
Here, ε is a positive number representing the nonlocality and the symmetric density function φε(s) is defined by
where φ is a specified symmetric probability density function that satisfies
If φ is zero outside a closed and bounded interval centered at zero, which implies α = 2 in (3.4), then solutions of (3.3a) and (3.3b) approximate those of the classical homogeneous Dirichlet and Neumann boundary value problems
respectively, as ε → 0 for smooth u(x, t); see [1, 2] for details. The results in [9] provide the variational formulation associated with (3.3a) and (3.3b). Define the bilinear form
where I is an open interval such that I ⊆ R. Then, the nonlocal Green's first identity [9, Section 4] 2 leads to
Multiplying (3.3a) and (3.3b) by u(x, t) and integrating shows
respectively. In either case, the assumptions on φε are sufficient for 1 0 u 2 dx to be decreasing in time.
Let V I ⊆ L 2 (I) denote subspaces of test and trial functions defined over I ⊆ R, as discussed in [9] . The variational formulation for the nonlocal homogeneous Dirichlet boundary value problem is: Find u ∈ V R × (0, ∞), e.g., u(x, t) for x ∈ R and t > 0 such that
and the variational formulation for the nonlocal homogeneous Neumann boundary value problem is: Find u The compatibility relation is a statement that the integrated quantity u is conserved for all time.
The use of Green's identity (3.7) demonstrates that the above two variational problems imply their respective strong forms (3.3a)-(3.3b). For instance,
and so (3.8b) implies (3.3b).
The variational formulation (3.8a) extends the one presented in [8] for a homogeneous Dirichlet boundary value problem 3 where only the case 1 < α ≤ 2, the order of the fractional Laplacian, is considered. The formulation (3.8a)
extends the attainable order to 0 < α ≤ 2 by imposing nonlocal boundary conditions over intervals of non-zero length.
Numerical experiments
Three one-dimensional examples are presented in dimensionless form. The first example examines a nonlocal Neumann problem admitting closed-form solutions for any initial condition. Example 2, which examines numerical solutions of both nonlocal Dirichlet and nonlocal Neumann problems, and Example 3, which examines numerical solutions to the nonlocal Dirichlet problem, both use the discontinuous initial condition
The first two examples use the density
where χ A is the indicator function for the set A, and the third example uses Lévy stable densities φ = φ α with stability indices α = 2, 1, 1/2. These last choices, and their relationship to fractional diffusion where the order of the fractional Laplacian is α, are discussed in Example 3. In all cases, φε is normalized via (3.4) and we investigate the effects of ε, a parameter describing the nonlocality, upon the solutions at various times.
Finite Element Method
Partition the interval (0, 1) into n subintervals Ω i of length h, recall that χ Ωi is the indicator function for Ω i , and let V h (0,1) denote the space of piecewise constant functions on the subintervals Ω i . Given the approximation
where I = R and I = (0, 1) for the nonlocal Dirichlet (3.8a) and Neumann (3.8b) problems, respectively. A forward Euler integrator in time evolves the discrete solution.
When φε for the nonlocal Dirichlet problem is positive over R, the last double integral of (4.2) is computed as 
Properties of the numerical solutions
Theorems 2-3 in [7] provide important properties for the solutions of (3.3a) and (3.3b). Namely, the numerical solution u h (x, t) given by the finite element method satisfies, for the case of the homogeneous Dirichlet problem,
and, for the case of the homogeneous Neumann problem,
where the positive constants c 1 and c 2 do not depend upon the discretization.
Examples
Example 1 Consider the nonlocal Neumann problem (3.3b) where
The solution for this ordinary differential equation yields a convex combination of u 0 (x) and u 0 ,
Thus, the solution u(x, t) will lie between the initial condition u 0 (x) and the constant u 0 , for all t, and the difference u(x, t) − u 0 decays exponentially in time. The rate of decay decreases with increasing nonlocality ε, and for large ε the solution is well approximated by the initial condition u 0 (x). Therefore, increasing nonlocality ε implies that the magnitude of the jump discontinuity present in the initial condition remains large for increasing finite time.
Increasing nonlocality is also an indication that the higher-order moments may not be small. To see this, consider the formal Taylor's expansion
where the odd moments disappear due to the symmetry of φε, and then
Truncating this expansion after one term yields the classical diffusion equation -a poor approximation when higher order moments cannot be neglected. In fact, because
for any ε satisfying ε 2 > (2K + 1)(2K) for the smallest possible integer K > 1, the first K even moments form an increasing sequence since ε
Example 2 Consider the nonlocal Dirichlet (3.3a) and Neumann (3.3b) problems where and numerical solutions of (3.5a) and (3.5b), e.g.,
Each norm tends to zero as t → ∞, reflecting agreement with steady-state solutions. However, transient solutions can differ substantially, which is witnessed by some norms increasing during small values of t. This is due to both the discontinuity in the initial condition lingering for all finite time in the solutions to the nonlocal problems and the effect of the nonlocal boundary conditions, i.e., nonlocal boundary conditions do not require u h (0 + , t) = 0 or (u h )x(0 + , t) = 0, for instance. Further, for a fixed t, the norms tend to zero as ε decreases demonstrating agreement of solutions in the absence of nonlocality. The plots in Fig. 4 .3 emphasize both the nonlocal nature of boundary conditions for nonlocal diffusion and that jump discontinuities in the initial data remain for all finite time. i.e., the moments are normalized so that the second moment is equal to one. The higher-order moments become negligible relative to the second moment as the nonlocality ε decreases leading to better agreement between the solutions to the nonlocal and classical diffusion equations. A side-by-side comparison of 
which are scaled Gaussian and Cauchy densities, respectively. The case α = 1/2, however, does not admit a closedform for φ α ε (s). These three densities have similarities, e.g., they are symmetric and unimodal, but differ significantly in other aspects. For instance, the second moment of φ 2 ε is finite, whereas the two second moments associated with φ 1,1/2 ε are infinite. Moreover, the two first moments of φ 1,1/2 ε are undefined and infinite, respectively. Fig. 4 .5 plots the time-evolutions of the approximate solutions to (3.3a) for α = 2, 1, 1/2, respectively, and various ε given by the finite element method with mesh spacing h = 5 · 10 −4 and t ∈ [0, 0.25]. The numerical solutions u h computed satisfy the corresponding properties (4.3). The solutions of (3.3a) with φ 2 ε behave asymptotically, with respect to ε, as solutions to the classical diffusion equation. However, the asymptotic behavior of solutions of (3.3a) with φ 1,1/2 ε is given by a fractional Laplace parabolic equation. Consequently, the magnitude of the jump discontinuity in the initial data decays more slowly in these latter two cases.
Conclusions
The contribution of this paper was to present boundary value problems for nonlocal diffusion on bounded domains. This included a variational formulation that lead to a conforming finite element method using piecewise discontinuous shape functions. Nonlocal diffusion was demonstrated to be a model for anomalous diffusion applicable when Fick's first law represents an inaccurate model. A generalization of Fick's first law in terms of a nonlocal flux was demonstrated to hold, and a relationship between nonlocal and fractional diffusion was also reviewed, where the order of the fractional Laplacian can lie in the interval (0, 2]. The nonlocal Dirichlet and Neumann boundary conditions used represent generalizations of the classical boundary conditions. Several examples are given where the effect of nonlocality is studied. The relationship between nonlocal and fractional diffusion explained that the numerical solution of boundary value problems, where the order of the fractional Laplacian can lie in the interval (0, 2], is possible.
